Problem:
A spherical shell of radius R carries a uniform charge oo onthe northern hemisphere and a uniform surface charge

-0 on the southern hemisphere. Find the potential ® inside and outside the sphere,
calculating the coefficients of the series solution explicitly up to Ag and Bg.
(Based on GriffithsCh. 3, prob. 21, from the text"Introduction to Electrodynamics" by D.J. Griffiths)

Solution :
Inside and outside the sphere there is no charge, so Laplacesequationapplies.

Laplace's equationis separable in 13 coordinate systems. Separable means the solution can be writtenas a sum of
products of functions of the individual coordinates. (cf. "Methods of Theoretical Physics" by Morse and Feshbach,

Vol. 1, pp. 655 - 666, foranice description of these 13 coodinate systems)

While we are free to chose any of these 13 systems in which to expand the solution,
itis the boundary conditions of the problem that dictate which coordinate system is the best choice. If thisis notclear,
itwill become so when we write the equations for the boundary conditions on the potential ®.

Because we have a spherical boundary,
(the shell itself) the coordinate system we will use is spherical coordinates. The solution of Laplace’ s equationin spherical

coordinateswith azimuthal symmetry (no 1) dependence) can be expandedin terms of Legendre polynomials :
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ForO=<r <R, wemusthaveB,=0forl=0, 1, 2, 3 ... sothat®isfiniteatwhenr =0.
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Now, we apply boundary conditionsatr=R...

The potential should be continuousatr =R, so &, (R) = &, (R), otherwise the electricfield, whichis the gradient of @,
will be infinite, which we do notwish to consider delta function systems. Had we choosen a different coordinate system,
this continuity equation would have taken a much more complicated form.
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Applying the boundary condtion on the normal componentof the electric field across a boundary,
we get the final boundary condition,
which again would be much more complicatedin a coordinate system other than spherical coordinates :
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Now use the fact that the Legendre polynomials are orthogonal functions,
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( or, expressingthe above orthogonality relationin a more useable form for our problem, after the substitutionx = cos (6),
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and multiply both sides of equation (1) by P,,, (Cos (0)) Sin (f) and integrate :
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and with alittle help (ok, a Iot!) from Mathematica, we get

3+m ma+m? x

Rl—m \/70'0 \/7 2Sin[m ]
2 Gamma[l—g] Gamma[ ] 2 Gamma[l—g} Gamma[

3+m]
2 2

250



Bm - Am R2m+1 ,

R2+m [ \/70'0 _ (_ \/; + 2 Sin[m n] ) O'O]

3+m

Ml masm?x

ZGamma[l—T] Gamma[ ZGamma[l—E} Gamma[
2 2

2 2

Bm =
260

While the above closed forms for A, and B,,, are nice, itis simpler to evaluate the coefficients as follows :
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Finally, expanding the first eight terms of the series, we getfor @;,,.
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